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KOJIMBAHHSI OBOJIOHKOBUX KOHCTPYKIIIA
3 IPUEJHAHUMU MACAMU

3anpornoHoBaHa METOAMKA IMOOYIOBH CKIHUGHHOCIEMEHTHHUX MOJENeH 3 ypaXyBaHHAM
HEperyJIsIpHOCTeH THIy 'NpUEJHAaHA Maca’ B 3ajlauaX MPO BIACHI KOJMBaHHS KOHTHHYaJIbHHX
KOHCTPYKIii. PerymsapHicts citkoBOi ob0yacti Mogmeni 3a0e3MedyeTbes I[UIIXOM  BBEICHHS
ocoommBux CE, skuM Hajmaetbes craTyc 'BKIrOUYeHHs . OOYMCIIEHI 3HAYCHHsS YacTOT BIIACHHX
KOJIMBaHb I[UIACTUHHM 3 TIPHEJIHAHUMH MacaMd T[OPIBHIOBAINCH 3 THMH, IO OTpPUMaHi
aHAITHYHUMH METOJaMH.

Ha necyumx moBepxHsiX OOOJOHOK, IO BiAYYBAalOTh Ha co0i BiOpariiini
BIUIMBU MOXYTh OYTH IIpUETHAH] TBEP/ Tija (IPUCTPOi, MEXaHiI3MH, eJIEeMEHTH
aBTOMATHKH), HEMETaliYHI MaTepiaiy (apMOBaHi IJIACTHKH, CUTAJIH, TEXHIYHE
CKJIO), IO MaroTh crenudiyHi (i3MKO-MeXaHiyHI BIIACTHBOCTI CYTTEBO
BIUIMBAIOTH HA BJIACHI KOJIMBaHHS i 0OYMOBIIIOIOTH CKIIAJJHOII ITPY PO3PaxyHKY
BKa3aHUX MEXaHIYHMX CHCTeM. BH3HaueHHS JIUHAMIYHUX XapaKTEePHUCTHK
TAaKUX KOHCTPYKIH, SIKI CYTTEBO 3aJIeXaTh BiJl JKOPCTKICHUX 1 IHEpIIHHHX
HEO/IHOPIMHOCTEH TmpencTaBisie CcoOO0 MPaKTUYHUK 1HTEpec 1 BHUMarae
pO3pOOKM HaAiHHMX METOMIB BH3HAYEHHS YCKJIAJHEHOrO CIIEKTpa BIACHHX
4acToT.

KonuBaHHS  IMMIHAPUYHUX  OOOJNOHOK 3  TNPHEJIHAHMMH  Macamu
nocnixysaB B.€. bpecnascbkuii [1,2]. B.I'. [Tanamapuyk po3risiiaB 3aMKHYTY
KPYroBy IWJIIHIAPUYHY OOOJIOHKY PETYJSIPHO IIKPIIUIEHY CTPHHIE€paMu i
[IITAHTOyTaMH 110 Ma€ BCepenuHi cede aOCONMITHO TBEpIC TUIO, MIAPHIPHO
NIPUKpiIUIeHe B3AOBX TBipHOi. OOONOHKA IIapHIpHO oIepra Ha ABa psaU
MPOMDKHUX ONOp, pPO3MIIIEHNX B3M0BXK TBipHHX. CHcTemMa CcHMeTpUYHA
BiTHOCHO IIO3I0BXHBOI JiaMeTpaibHOI IuionmHU. Pobora [4] mpucBsueHa
CTBOPEHHIO MAaTeMaTH4YHOI MOJEi B3aeMONii ILIIIHIPUYHOI OOOJOHKH 1
a0COITFOTHO KOPCTKOT'O TiJIa, IO MPUETHAHO 0 OJHOTO 3 11 KiHIiB. Aib00-Pao
[5] mocmimkyBaB KOMMBaHHS BUIBHO ONEPTOI MPSIMOKYTHOI IUIACTHHU JIO SKOI
NpUETHAaHa 30Cepe/DkeHa Maca. BiacHi KOMMBaHHS MiIKPIIUIEHHX pedpamu
00OJIOHOK 3 TPHEJIHAHUMH MacaMu po3MIsTHyTo B podoti [6]. Takox
JIOCII/PKEHO BHMAAKHA KOPCTKOrO 1 TNPYKHOTO IPHEAHAHHS MAacH, BIUIUB
PO3MIpy TUTONIUHKU KOHTAKTY MAacH i OOOJIOHKH, 3’€JHAHHS TBEPJOro Tija i
00OJIOHKH 3a JIONIOMOIOI0 JBOX MPYXKHH, a TaKOX LIapHIpHE IpPUETHAHHS
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TBEPIOrO0 Tila O OOOJOHKH y psAal TOYOK. Y poboti [7] mocmimkeHo
0COOJIMBOCTI BIUIMBY IiJKPIIUTIOIOYHMX pedep 1 NMpUeIHAHMX TBEPAUX T Ha
4acTOTH Ta POPMU BUIBHHX KOJMBAHb TOHKUX HPYXHUX 000JIOHOK O0OepTaHHSI.
3amaua peanizyeTbesi B JIHIMHINA mocTaHOBII MeTonoM Pitha 3 ypaxyBaHHSIM
JIMCKPETHOT'O PO3MillleHHs pedep.

BukopucTaHHs aHaNITUYHUX METOAIB JUIl PO3B’SI3aHHS 3371a4 JTUHAMIKU
TUIACTUHYATO-000IOHKOBUX KOHCTPYKIIH 3 1HEpUIHHOI HEOJHOPIIHICTIO
BHUMara€ BHCOKOI MaTeMaTHYHOI KyIbTYPH, TaK SIK JIOBOJUTHCS BPAXOBYBATH
yci 0COOJIMBOCTI B PO3B’SI3YBAJIBHUX PIBHSHHSX.

[IpoBenenHss  OararoBapiaHTHMX  PO3PaxyHKIB  3agad  JUHAMIKA
TOHKOCTIHHUX KOHCTPYKI[ii Ha ChOTOJIHI B OLTBIIOCTI BUTIAIKIB BUKOHYETHCS 32
MeronoM ckindeHHuX enemeHTiB (MCE) B cepenoBuimi ceprrdikoBaHHX
MIPOrpaMHHX KOMILJIEKCIB.

B Toi1 e yac, cTOCOBHO 10 3a71a4 TUHAMIKH TOHKOCTIHHUX KOHCTPYKIIH 31
CKJIaJIHUM PO3MOJIOM MaTtepialy MUTaHHS aHali3y CKiHYEeHHOENEMEHTHHX
CXeM B CyyacHill HayKoOBill JiiTepaTypi e HE IOCHUTH MOBHO BHCBITJIEHI. A
TOMY 3aCTOCYBaHHSl CKIHYCHOEIEMEHTHHX MOJIeNei JUIs  BU3HAUYCHHS
JUHAMIYHUX XapaKTEePUCTHK TOHKOCTIHHMX KOHCTPYKIIH 3 OCOOIMBOCTSAMH
BUMAara€ peresbHOI MEpeBIpKM 3alpONOHOBAHMX MOJENed 1 MOpiBHSHHS
HaOMMKEHUX pe3yJbTaTiB 3 OTPUMAHWMH aHAIITHYHAM MeToJaMu  abo
€KCIIEpUMEHTAJIBHO.

Hamu 3anpononoBana metonnka nodyaosu crieinHomens MCE B mepe-
MIIIEHHAX Ha OCHOBI IIOJIOKEHb TPUBHMIPHOI TeOpil MpPYXHOCTI TIpH
OJTHOIIIAPOBI/ arpOKCHMAIil CKIHYEHHUM €JIEMEHTOM I10 TOBIINHI 00OJOHKH.

HeperysisipHocTi THny NpHEIHAHMX Mac YCYBalOThCS 3a JOMOMOTOIO
BBEJICHHSI OCOOJIMBHMX CKIHUEHHHUX €JIEMEHTIB, B MEXaxX SKHUX HE 3MiHIOETHCS
YKOPCTKICTh KOHCTPYKIIii, 8 3MIHIOETHCS TIIBKH 11 IHEPIIiiHI BIACTUBOCTI.

HaneceHHs CiTKM CKIHYEHHHX €JIEMEHTIB BUKOHYETHCSI TAKMM YHHOM, 11100
JIHIT CITKM OXOIUTIOBAJIM UISHKY 3 ITPUETHAHOIO MACOI0. LIl AUISHII HATA€ThCS
CTaTyc “BKJIIOYEHHS’, a BYy3JaM CITKM Ha TPaHULSAX OONAcTi NMPHU3HAYAETHCS
cremianbHUN KojA. TakuM YMHOM 3a0e3NeuyeTbesi PEryJISIpHICTh CITKOBOL
00J1acTi 1 CPOITYETHCS MPOLIEAYPa MOOYIOBH MATPHIIh dKOPCTKOCTI Ta iHEPIIil.
Juiss o0iacTi BKIIOYEHHS 3aJa€ThCsl BIJMNOBIJHA INIIBHICTE MaTepialy NpH
30epe)KeHH] 1HIIHUX HOTro XapaKTepPHUCTHK.

Jlst ananizy AMHAMIYHOT IOBEIIHKA KOHTHHYAJIHFHOTO 00’ €KTa BUXITHUM €
PIBHSIHHS pyXy HOTO JTUCKPETHOI CKIHYEHHOGIEMEHTHOI MOJIeNi

[K]tii} -0 [M]{u}=0. (M
Po3B’s3x0M piBHAHHS Oyne rapMoHiuHa GyHKisa {u}={u,}Sin(wt),
110 [TPUBOUTE PIBHSHHS JI0 y3arajJbHEHOI MPOOIEMH PO BIACHI 3HAYEHHS

(LK =0 1) s} =0. @)
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[Iporiemypa po3B’si3aHHSA 3a7adi BHUKOHYETHCS METOIOM iTepamiii B
MAIIPOCTOPi, HAa KO)KHOMY KPOLIi SIKOTO BUKOHYFOTHCS TaKi i

1) 3amaroTbesi HAOMMKEHI 3HAYEHHS BIIACHUX BEKTOPIB, KIJIBKICTh SKHX
BH3HAYa€ poO3Mip Mmigmpocropy. YMcCIo KOMIOHEHT KOXXHOTO BEKTOpa
BIJIMOBIJTa€ YHCITY CTYIEHIB BUIRHOCTI JAMCKPETHOI MOJENi. 3 IIMX BEKTOPIB
(dopmyeTbest MoanbHa MaTpus [D];

2)  OOYMCIIOETBCS ~ HOBE  HAOMIDKEHHS  MOJAJIbHUX  BEKTOPIB
[K][P]) =[K][P]; 5

3) BHKOHYETHCS OPTOTOHAJI3AINS BIACHUX BEKTOPIB 3a alTOPUTMOM
obepranHs SIk00i. OJHOYACHO BU3HAYAIOTHCS BJIACTI YHUCTIA.

[porec iTepariit mo 1m.1m.2-3 MPOIOBKYETHCS O THX Mip, MOKH 3HAYCHHS
BJIACHUX 4HceN i-ro Ta (i+1)-ro KpokiB He CIiBNaIyTh 3 3a3/aJIeTi/ib 3a/1aHO0
TOYHICTIO.

Jlnst orpuMaHHS HEOOXiTHOI KiTBKOCTI BJIACHUX YHCEN (KOJOBHX YacTOT
BJIACHHX KOJIMBaHb) BUKOHYETHCS 30UIBIIEHHS PO3MIpYy MOJIAIBHOI MaTpHIli Ha
20% B MOpPiBHSIHHI 3 Ti€l0, IO TpeOa BU3HAYMTH.

3anpornoHoOBaHUi aJIrOpUTM BHUIIPOOYBAaHMH Ha TECTOBHMX 3ajadax, s
SIKMX ICHYIOTh aHAITUYHI Po3B’si3ku. B po0oti [8] HaBeneHI pe3ynbTaTH Po3-
B’S3Ky 3aJadl Tpo BU3HAYEHHS JMHAMIYHMX XapaKTEPUCTUK CTaJeBOL

mnactuan (E=2.1-10"ITa ,p=7.85-1031<2//w3,v=0.3) 3 TPUETHAHOI MAacCOH

(BKJIIOYEHHSI YY)KOpIZHOIO MaTepiany) HpH Pi3HUX TPaHWYHUX yMoBax: 1)
YKOPCTKO 3allleMJICHA 110 KOHTYPY; 2) IBa CYMIKHUX KpaiB dKOPCTKO 3alleMIICH]
a J1Ba iHIII IIApHIPHO OmepTi; 3) »OPCTKO 3alieMyIeHa [0 TPOM CTOPOHAM.
Po3mipu muractuam B madi 0.6x0.6x0.001m.

Po3B’s30k 1mi€i jk 3amavi 3 BHKOPHCTAHHSIM 3alPONIOHOBAHOI HaMH
METOJMKH BHUKOHAHO JUIS CITKA 32 x 32 CKiHYCHHUX €JeMEHTa. PO3MipHICTH
MAIIPOCTOPY, B MEXaX SIKOTO peasli3oBYBaBCs NMPOILEC OJHOYACHUX iTeparil,
JIOPiBHIOBAB JICCSTH.

Po3risiHyTO BIUTMB pO3TalllyBaHHS MIPUETHAHOI MAaCH HA BIACHI KOIWBaHHS
nnactiHd. Maca Tina M, =0.1M,,, ne M, maca mnacTunu. Ilnoma xinsanku, ne
po3TanioBaHa MpHeIHAHA Maca ckiianae 1/250 3araibHOI TUIONII TUTACTHHU.

B pesynbrati po3paxyHKy oTpuMaHi ()OpMHU KOJIMBAHb IUIACTHHHU 0€3 MacH
(puc. 1, puc. 4, puc. 7), npu po3MilleHHI Macl Ha 4YBepTi AiaroHaii (puc. 2,
puc. 5, puc. 8) Ta Ha MMOJIOBHHI AiaroHaji miacTuHu (puc. 3, puc. 6, puc. 9) npu
PI3HUX IPaHUYHUX YMOBAX IUIACTHHHU.

PesynbraTi po3B’a3Ky 3a/aui y BUIIAM 3anexHOCTI A=L,(2) A, =0/,
Jie ;- 4acToTa KOJMBaHb IJIACTUHU Oe€3 J0JaTKOBOI MacH) NpeJCTaBleHi Ha

rpadiky (puc. 10).
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Form of vikration # 2
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Puc. 1. ®opmu kK0IMBaHb INIACTUHY KOPCTKO 3aILEMIIEHOI 110 KOHTYPY
0e3 npHeIHAHOT MacH

Form of vikration # 1
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Puc. 2. ®opmu K0IMBaHb INIACTHHU KOPCTKO 3LEMIIEHOT 10 KOHTYPY
3 IPHETHAHO MACOK0 PO3MIIIEHO0 Ha YBEPTi JiaroHati
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Foxm of vikeation # 1
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Puc. 3. ®opMu KOJIHBAHB MIACTHHH XKOPCTKO 3AIIEMIIEHOI IT0 KOHTYDPY
3 IPHEIHAHO MACOK PO3MILICHO MO CEPEANHI AiaroHasti
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Puc. 4. ®opmu KoIMBaHb IIACTHHY (0€3 IPHEHAHOI MacH),
y sIKOi JIBa CYMDKHUX Kpai )OPCTKO 3allleMJIeH], a J[Ba iHIIi MapHipHO ONepTi
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Forn of vibration # 2

Fowm of vibration # 1
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Puc. 5. ®opmu KOIMBaHb IIACTHHH (3 IPUETHAHOK MACOK, PO3MILIICHOI HAa YBEPTI JiaroHali),
y SIKOI JIBa CyMDKHHX Kpal )KOPCTKO 3aIlleMJIeHI, a IBa IHII MapHIPHO ONepTi

Form of vibration # 1
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Forn of vikration # 3
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Puc. 6. DopMu KOJIHMBaHb INIACTHHH (3 PUETHAHOK MACOK, PO3MILIICHOIO MTOCEPE/IUHI TiaroHat),
y SIKOI JIBa CyMIDXKHUX Kpal )KOPCTKO 3allleMJIeHI a J(Ba iHIII IapHipHO OIepTi
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Puc. 7. ®opMu KonMBaHb IIIACTUHU (63 IPHETHAHOT MACH ) )KOPCTKO 3aIEMIICHOI [0 TPhOM
CTOpPOHAM
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Form of vikration # 4

Frequencu technical 36.5 Hz Frequencu technical 50.2 Hz

Puc. 8. ®opmu KOIHMBaHb IIIACTHHH (3 TPUETHAHOK MACOK, PO3MIIIICHOI Ha YBEPTI JliaroHaIi)
JKOPCTKO 3aIEMJICHOI IT0 TPhOM CTOPOHAM
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Forn of vibration # 3
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Puc. 9. ®opMu KOIMBaHb INIACTHHY (3 IPHETHAHOI MACOI0, PO3MIIICHOIO IIOCEPEIHHI AiaroHai)
’KOPCTKO 3aILEMICHOT 110 TPHOM CTOPOHAM.
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Puc. 10. [TopiBHSHHS pe3yiIbTaTiB PO3paxyHKY A IVIACTHHH IIPH Pi3HUX IPAHMYHUX yMOBaX: a)
JKOPCTKO 3allleMJICHA [0 KOHTYPY; 0) JiBa CyMiXKHHX Kpal )OPCTKO 3alleMIIeH] a JBa iHIIi
MIAPHIPHO OIEPTi; B) )KOPCTKO 3al[eMJICHA 10 TPHOM CTOPOHAM (BEPXHsI JIiHis pe3yJIbTaT

HaBeJIeHHH B poOoTi [8], HIKHS JiHIA 32 Mce).

[MpuBeneni pe3yabTaTH CBiM4aTh NPO €(QEKTUBHICTH METONUKH, IO
3aCTOCOBYETHCS 1 JOCTATHIN MPAKTUYHIA TOYHOCTI OTPUMAHHUX PE3YJIBTATIB.
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KOJEBAHUSI OBOJIOYEYHBIX KOHCTPYKIMMA C MPUCOEAVUHEHHBIMU
MACCAMHU

IpemnokeHa METOIMKA TTOCTPOCHHS KOHEYHOIJIEMEHTHHX MOJIENICH C Yy4eTOM HeperyJspHOCTel
TUMa ’TIPUCOEAMHEHAa Macca’ B 3ajlauaX O COOCTBEHHBIX KOJEOAHUSX KOHTHHYAJIBHUX
KOHCTPYKIMHA. PeryisipHoCTh CeTOYHONW 00JacTH MOJenH OO0eCreunBaeTCss IyTeM BBEICHUS
ocobeHHbIX KD, KOTOPBIM MPEOCTaBISETCS CTATyC “BKIIFOUCHUS . BhIUKCIICHbIE 3HAYCHHS YacTOT
COOCTBEHHBIX KOJICOAHMI IUIACTUHBI C MPUCOCAMHEHHBIMA MacCaMH CpPaBHUBAIKCh C TEMH,
KOTOPBIE MOJTyYeHbI AHATUTHYECKUMH METOJaMH.

Legostaev A.D., Grechukh N.A., lakovenko O.O.

VIBRATIONS OF SHELL CONSTRUCTIONS WITH ATTACHED MASSES

The method of construction of finite element models is offered taking into account irregularities of
type’ attached mass ’in tasks of free vibrations of continuous constructions. Regularity of net area
of model is provided by introduction of special FE, to which status of ’including’ is given.
Determined values of frequencies of free vibrations of plate with attached masses compared to
those which are got by analytical methods.



