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The report presents a methodology to determine the directions of the stiffness principal axis (in
this case subject to the linear displacement and forced rotation angle) of a solid object interact with
the surrounding environment by resilient bearing supports.

The results also show that determining the coordinates of the stiffness center in the vibrating
system with damping factors is necessary in our research.
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1. Introduction

Consider a three dimensional deformable body without vibration (Figure 1).
The motion of an object so in the general case of six degrees of freedom are
described by six independent geometric
parameters that we can choose not only a
unique way.

Suppose not vibrating objects has a
mass of m and 7 is the number of springs
(resilient bearing supports) attached to the
immovable hard foundtion. Assume that
X, ¥, z coordinate system to the real space
origin at point O. At the same time we
also assume that there exists a coordinate
system tied to mobile oxyz shaking
objects in question and at the initial /=0 Fig. 1. A three dimensional
coincide with the real coordinates OXYZ. deformable body without vibration
Suppose the object is doing a survey translational motion and at that time, the
coordinate system oxyz is moving to a new location o’x'yz’. The origin O
moved to the O" and at that time, suppose the origin O will make a move with
the components in the X,Y,Z respectively by &y, 1o, {o. Also solid in the new
location have made the transposition angle about the axis X),Y,Z; respectively
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parallel to the axes X,Y,Z and passing through point O', the corresponding
angle in o,, @, and ..

In summary, six independent parameters &, Mo, (o, ®x, @y, ¢, completely
determining the position of objects in space are examined at each time. If the

object affected by the force N and moment M, they will cause the
displacement directly by the axes X,Y,Z and move the angle around the axis
passing through O’ and parallel to the X,Y,Z. If the object only affected by the

force N with arbitrary set points, or only under the action of moment M , one
of these two factors will cause objects to both the linear displacement and
rotation angle.

We will prove that in some cases the object exists on a point which, if put

into force N and moment M , then force only caused by the force linear
displacement, moment only cause rotation angle around this point. That point
is called the stiffness center in the vibrating system with damping. In other
words, stiffness center of a vibrating system with damping factor considered is
the set of all forces of the reaction components as objects to explore a dynamic
loads by any way. At that time, the assumption will survive the stiffness axis of
the solid for both linear displacement and the rotation angle, which this
stiffness axis through the center of the vibrating system. The stiffness principal

axis is characterized, if the force N acting on way solid survey coincides with
way stiffness principal axis, it will only cause linear displacement under way
this axis. Similarly the stiffness principal axis also exist for the rotation angle,

meaning that if solid only under the action of an axis moment M is identical
to the stiffness principal axis, it will only cause the angle around this axis.

2. Formulation of the problem

We will prove the above properties by means of the method of
displacements. Assuming that orthogonal axes X,Y,Z have point located at the
O. In this coordinate system the solid has six degrees of freedom. We put in six
joints directly prevent displacement and rotation angle, assuming the first three
joints 1,2,3 prevent the displacement and three linear following joints 4,5,6
prevent rotation angle (around the axes X,Y,Z). If the solid the unit forced
displacement Ax=1, Ay=1 and Az=1 by the way of the axes X,Y,Z respectively,
then at the joints above, the jet will appear:

i1, 21, 131, V41, V51, Vo1 respectively, by Ax =1 Caused;

12, 122, V32, V42, V52, V62 respectively, by Ay =1 Caused;

13, 123, 133, V43, I'53, V63 respectively, by Az =1 caused. (1)
Subsequently, for the solid angle surveyed rotation force units around the axis
X,Y,Z, then the joint will appear jet components corresponding:

14, T4 T34, T4, 54, Tea TESpEctively, by @, = 1 caused;
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Tis, s, F3s, T4s, T'ss, Vs respectively, by ¢, = 1 caused;
165 1265 1365 V465 V'565 V66 respectively, by ¢, = 1 caused. (2)
Here, 7; is the corresponding reaction appearing at the joint i by forced
displacement unit according to the joint j caused.
We see r;; = r;; the reciprocal theorem of the reaction, i = 1,2,3,4,5,6 and j =
1,2,3,4,5,6.
Assuming that we put into four matrix:

_ M M2 h3| _ |ha hs Te

A=ry 1y 3|3 B=|ny ns n s
L7311 132 133 L34 I35 T36

T Taa gz | [ Tas Tas Ty

C=r5; 15y 153 )3 D=|rsy 155 75 |- 3)
L761 Te2 763 ] L764  Tos  Te6

From reciprocity theorem, we have B=C. Assuming that force N and

moment M , that they have the way and know beforehand the numbers, they
cause the linear displacement &, 1 and  of a solid under the way X, Y, Z and the
rotation angle ¢y, @, and ¢, around X,Y,Z respectively.

In this case, we have the relationship between external forces and
displacements in the matrix

N=AW+Bg @
M=CW +Dg

With W - the total linear displacement vector; 6 - the total rotation angle
vector.
To the way W and N of the same, should be conditional:
N=MV ; M=v¢. 5)
With A and v are the scalar magnitudes:
Replace the value of N and M (5) into (4) we have:
(A=A1)W +Bo=0 } ' ©
CW+(D-vl)p=0

With ; is the ranked third matrix units

1o
=0 1
00

—_ o O
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We woul'd like interpretate above proposition as following: the elements of

the matrix A independent original position that coordinates the concurrent
joint there. It just depends on the the way of the coordinate axes coincide with
the way of the obstacles joint of a solid linear displacement, that we are
surveying.

In fact, elements of the matrix A shows reaction at the joints directly
obstructing the displacement of a solid as a result of the unit forced
displacement of solids by the way of joints. The components of this force can
be found by solving the balance equation generation, each one of these
equations would shows that the total elevation of all forces acting on the solid
to the way axis with the way of parallel joints, where we need to determine the
composition of reaction. Clearly, the value of the reaction depends only on the
way joint that does not depend on the located joint. Therefore, the elements of

the matrix A depends only on the way joint linear obstructing the
displacement of a solid.

We easily see that the elements of the matrix D has no properties as the
matrix 4. If we choose O as the starting point of the joint located, the
elements of the matrix B is zero and according to reciprocity theorem, we find
the matrix elements C also zero. At that time (6) takes the form:

(A-LDW =0; (D—vl)e=0. (7)

Equation (7) is to ensure conditions for the existence of O stiffness center
vibrating system damping factor considered. This means that only exists a

point O of the solid: If set to a force applying point N (passing O) and a

moment M (with axis passing through O), the force caused only by the linear
displacement of the force, moment is only caused rotation displacement around
the point O. The point O is the stiffness center of the system vibration
damping.

Formula (7) allows to determine the three values of A and the three values
of v. Knowing A and v can be determined three directional cosins for A and
three directional cosins to v. Therefore directional cosins of three directional
mutual perpendicular to axis of coordinates. These ways are the directional of
the principal axis to the linear displacement and the rotation angle of the solid.
Indeed, from the first formula of (7) we can locate the principal axis of the
solid linear displacement. We have:

m=h s || Weosa
T Ot VR O WcosP |. (®)
o8 3 r;3—Ah || Weosy
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Here Wcosa, WcosP, Wcosy are the components of vector W of the linear
displacement; o, 3, y are the angle of the vector by ways of total rotation with
the axes X, Y, Z respectively.
We represent (8) in algebraic form:
(1, =) cosa+7, cosP+r; cosy=0
751 COS O+ (75, —h)cosP+ry; cosy=0 . 9
73, COS QL +73, cosP+(r33—A)cosy=0
Indeed, it is the homogeneous equation in the directional cosins. To obtain
non-trivial solution of algebraic equations we have the following condition
det(...)=0, i.e.condition on zero determinant of coefficients of unknowns of
algebraic equations system.
This leads to the cubic equation:
A +b A +eh+d, =0 . (10)
. . 2 2 2,
With: by == —ry =335 g =—h 3+l +iim —Hy — 13 —1s;
2 2 2
dy =1 133+ P l3 T3l —H 1 ls3 = 2Ha 73173 -
Solving the equation (10) may be obtained:

b
A =up v — 3 3 Ay =811 85V 5 Ay =Eyu +EV, . (11)

[2 [2 1..4/3 —

With: U= \/ ql+ 9 +p] sV = \/ q1 9 +p1 N ilZ__Ei —\/27, = —1,
b be d 3¢,—b?

fi=55— ot WG NG P P

In addition,

cos? a+cos” B+cos® y=1. (12)
Solve (9) in the hiddens OSB d £95Y for earch A j» we have:
cosoc ‘
cosB : COSY ;
L=p;; —=E;. (13)

coS QL ’cosoc/- J

2
”12”13—’”23(’”11 7‘«) ’”13”23—”12(”33_737) _7’13—(7’11—7»]-)(7’33—7»]-)_

With: = :
Pi ”12”23_”13(’”22 7‘_,-) (ryy—A )(r —7»-)—1’2 ’”12(’”33_7”_;)—’”13”23
2NNz =M ;) =3

_N2h3 =3 (i1 —k_/) _ ’”122 =(r; —7”_/)(”22 —7»_/) _ 1i3(ry) —7»_/)—”12”32
7 Haty =1y (133 —X;) s —\ ;)= lalys - r223 (= N3 —A ;) ’
j=1,2,3.
In summary to determine the cosin ways, we have a system of equations:
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2 2 2
cosf}; =p; cosa; ; cosy;=E;cosa;; €Os,  +€0s™y; +C0s, =1. (14)

. 1 a;
Solution (14) we have: coso;=t——n—— cosBlzJ_r—'
1/1+p§+&j 1ll+p/+<‘;
b.
CosY —+—/ to identify three stiffness principal axis to the linear
1ll+n /+C,
displacement.

Similarly, we can determine directional cosins of the three stiffness
principal axis, for the component rotation angle.
We have:

cosu/-—+ ; COSY ; =F———eer

: ",
1/1+n/+(; o080 Jl+n§.+(;_ ’ ,/1+n/+q

2
el =1y =V )ss  Taelss—(ls =V )ss  Ta—(1ag =0, )56 =V ;)
J -

Here:

TasTs6 a6 (55 =V;) (15 —V )76 —Uj)—rszé (56 = )45 — 74575

2
_Tas (g =0 )5 —0;) 1o (rss =V sales  Taslea s (14— V)
T (15570 5T 1’526—(1’55—0]-)(1’66—0]-) TagTss a5 (o6 =V ;)
With:

b
— 2. — . — . _3 2_ .2,
U=ty Yy =5 Ly =Ely 8V § V3 =Eqlly +EVy 5 U =4, g —pi s

3 2
v =~G G P2 5 4 =12)—"‘7—b2%+% P P =¥ by =11y 755 Tis’
2 2 2,

Co =TaaTs6 T 155766 TTaal55 =145 156 ~T46 5
dy =ryg 5+ 5T + T Tas —TaassTss — 2asTeal56 - (16)
Suppose X, Y, Z; are the stiffness principal axis of the linear displacement
(in Oy origin) are stiffness center of vibration damping system (Figure 2).
Choose the rectangular coordinate system with the coordinate axes OXYZ
parallel to the stiffness principal axis X}, i, Z; (Figure 2). We dropped into the
solid at the point O (stiffness center) six joints in the joints that hinder 1,2,3 of
the solid linear displacement by ways of the stiffness principal X;, i, Z;, three
relevant the remaining 4,5,6 hinder the rotation angle of the solid around these

axes.

For the solid displacement forced by ways units of the coordinate axes
X,Y,Z. Then the forced displacement unit according to the X;, Y}, Z;. Notice that
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the the axes X, Y}, Z; are the stiffness principal axis of the linear displacement,

so we can see B=0va C=0.

7 A 2k
,
5 |2
6 >
LA 3 X
Vi Zk
0 >
X
X Vi

Y
'd
Fig. 2: Stiffness center of vibration damping system
We easily see that:
when A, =1, all of r; = 0 except for r|; = k;;
when A, =1, all of r; = 0 except for ry, = k,; (i = 1,2,3,4,5,6);
when A.=1, all of 7; =0 except for r3; = k.; (j = 1,2,3,4,5,6). (17)

While ky, k,, k. are the general stiffness of the dampers (springs) relative to
ways axes X, Y, Z.

Condition (17) allows us to determine the stiffness center coordinates of
thevibrating system, when it is subjected to forced linear displacement and
forced rotation angle. If we replace the shock absorber (the spring) by the
elastic reaction. Then we make the total monent of the forces for the axis OY,
while the solid under forced displacement unit according to the X (Ax = 1), then
the sum are zero, we calculated:

z, =% . (18)

X
Similarly in the case of the solid under the forced displacement unit
according to the Y (4y = I), we have:
_X Mg,

== - (19)
¥

And if the solid under forced displacement unit according to the Z (Az = 1), we
have:



80 ISSN 0132-1471. Omnip matepianis i Teopis criopya. 2014. Ne 93

— z MOJ’ . _ z M 0x
kTR

In the formula (18), (19), (20) x4, ¥ zx are in the stiffness center coordinates
of the coordinate system OXYZ. Which is the sum of the corresponding
reaction moment which it appears in the spring dampers. It is taken for the axes
OX and OY under the system of forced shift in the X and Y. That means that
when Ax =1 and Ay = 1. The total moment of the jet appears in the position of
the spring damper taken for the axes OX and OY under the system of forced
displacement unitaccording to the z, that means Az = 1.

Suppose, the main (of the linear displacement and the rotation angle) which
has identical origin at the stiffness center. When that force is ways same as one
of the coordinate axes will cause linear displacement by ways of the cylinder.
Simultaneously with the moment coincides with one of the coordinate system
will only cause rotation angle around this axis.

X (20)

3. Example

At the flat problem when vibrating system has three degrees of freedom,
two linear displacement ways mutual, perpendicular and one rotate
displacement in a plane. Assuming rectangular coordinate system origin at O of
the solid (Figure 3).

We put in the survey solid three joints
located at point O, two of the joints will
interfere with the linear displacement in
the X and Z, while the remaining joints
will impede the rotation displacement of
the solid in XOZ plane.

Continue to the solid the linear and
angle units displacements according to the
ways of the joints included. At that time

the joint will appear the jet, respectively
Fig. 3. Rectangular coordinate system by;
origin at O of the solid

11, a1, P31 When Ay = 15 71, 12, 3 when
A; = 15113, 23, 133 when ¢, = 1. (21)
If we put force N and moment M , on the solid, they will cause the

transition (&, {) corresponding to ways X, Z and rotation angle ¢ in the plane
XOZ around axis Y.
We have:

N, =1 &+nM+730; N, =r E+nn+r30; M =rE+rpn+r30.  (22)
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At here: Nx = Ncosa, Nz = Nsina corresponding are the projection of force N
onto the coordinate axes X and Z, and «a is the angle by ways of the vector N to
the axis OX.

If the coordinate system OXZ placed at the stiffness center of the vibrating
system, then:

r3=ra=r; =rp=0. (23)
If you look at (23), equations (22) has the form:
Ny=r&+nm; N.=n&+mm; M, =r;0 (24)

To determine the stiffness principal axis, when the system under linear
displacement, we have the conditions:
E=Wcosa; n=Wsina; N =AWcosa; N,=AWsina (25)
With W — length total displacement vector, and A are unknown quantity.
The conditions (25) gives us the related:
(1,—M)cosa+r,sino=0; r,coso+r,(r,—A)sina=0.  (26)
Two equations (26) linearly independent if the determinant of the
coefficients (sina and cosa) have zero value, ie:
(=M =A)=ry 1, =0 27)

2
n,tr Ri—F
}\'12: 11 5 22 + ( 11 422) +I"122 . (28)

Depending on the values of A, ,, we calculate the values of the angle a by
the formula:

Inferred:

”11—%1,2 _

) (29)

lgOLl 2:_ - .
’ Up) ”22—7¥1,2

74 We find fgo, =—ctgo., . This
% means the two stiffness principal
axis thas found the mutual
perpendicular.

Suppose X and Zi
respectively two stiffness
principal axis of the linear
displacement,  with  original
stiffness center in mind O
i (Figure 4).

At that time (Figure 4) in the
coordinate system OXZ, stiffness

Fig. 4. The linear displacement, center coordinates can be found
with original stiffness center in mind Oy by the formula:

Zk

S
]{
>y
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XMy, XMy,
Tk Tk

X z

Zk

With £, and £, are the stiffness of the spring damper according to the axes X
and Z; M, » - The sum of the moment reaction occurs in the spring damping,
taking to the OY axis is perpendicular to the solid surface XOZ under
displacement unit of the x axis, ie when Ax = 1; ZM(())y - The sum of the

moment reaction appears in the position of the spring damping taken for the
axis OY, but when the solid under forced transfer units according to the OZ
axis, ie when Az=1.

4. Conclusion

We have observed that, the linear displacement and rotation angle of the
solid markersare taken from a static equilibrium position, while only bear the
weight of solid material itself. So the problem posed and studied here has a
certain significance for marine gravity projects. If the displacement of a solid is
small, the balance of the vibrating system is stable. Use wing vibration theory
[1,2], the concept of the stiffness axis for linear displacement and rotation
angle as well as the concept of center stiffness to imagine clearer picture of the
oscillations on coastal structures fixed (rig, lighthouse tower ...) when
subjected to the forced transfer by waves.

The problem is that the damping springs arranged logically necessary, so
that their axes through the center of the stiffness system and the fluctuations
coincide with the stiffness principal axis, the ability to preserve the stability
vibration are very good and calculate the fluctuations are also a lot simpler.

In many cases it can replace the dynamic force and moment by the
equivalent static force set points coincide with the center of the vibrating
system stiffness. This makes sense from the point transfer only to the dynamic
load bearing structure of the rig.
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Jane Cyan Yuone, Yan [ux Tinv
METO/JI BUSBHAUYEHHS KOOPJAUHAT HEHTPY )KOPCTKOCTI I TOJIOBHOI OCI
KOPCTKOCTI KOJINBAJTBHOI CHCTEMM 13 3ATACAHHSM

VY cTaTTi mpencraBieHa MeTOJHKA BH3HAYEHHS HANpSMIB TOJOBHOI OCI )KOPCTKOCTI y pasi
JHHIHHOTO 3CyBY 1 IPHMYCOBOIO IOBOPOTY TBEpPAOrO Tilia, IO B3a€MOAIE 3 HABKOJIHIIHIM
CepeloBUIIEM depe3 IPYKHi OIIOPH.

Pe3ynbTaTH MOKa3yloTh, 0 B HALIOMY JOCIIPKEHH] KOJHBAIBHOI CHCTEMH 3 AeMI(yBaHHIM
BU3HAYCHHS KOOPJHHAT LEHTPY KOPCTKOCTI € HEOOXITHUM.

Ku11040Bi c;10Ba: IIEHTp KOPCTKOCTI, FOJIOBHA BiCh JKOPCTKOCTI.

Hane Cyan Yoione, Yan Joik Tuno
METO/I ONPEJIEJEHUSI KOOPAUHAT HEHTPA )KECTKOCTH U I'NIABHOM OCH
KECTKOCTHU KOJIEBATEJIBHOM CUCTEMBI C 3ATYXAHUEM

B crarbe mpejicraBieHa METOAWKA OIPEICIICHUS HAIPaBJICHUI TJIABHOW OCH ECTKOCTH B
clydae  JIMHEHHOrO0  CMCIIEHHs W NPUHYIUTEIRHOrO  [OBOPOTA  TBEPAOro  Teja,
B3aUMO/JICH CTBYIOLIIETO C OKPYKAKOLICH CPeIoii uepe3 yIpyrue ornopsl.

Pe3ysbTaTel MOKa3bIBAIOT, YTO B HAIIEM HCCIEAOBAHUM KOJIEOATENbHON CHUCTEMBI C
JieMI(pupOBaHUEM OIPEE/ICHUEe KOOPANHAT LEHTPA XKECTKOCTH SIBISICTCS HEOOXOJMBIM.

KaroueBble CJIOBA: LIEHTP KECTKOCTH, TIaBHAsI OCh )KECTKOCTH.



